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We solve the cosmological evolution of warm dark matter (WDM) density fluctuations within
the analytic framework of Volterra integral equations presented in the accompanying paper [1]. In
the absence of neutrinos, the anisotropic stress vanishes and the Volterra-type equations reduce to
a single integral equation. We solve numerically this single Volterra-type equation both for DM
fermions decoupling at thermal equilibrium and DM sterile neutrinos decoupling out of thermal
equilibrium. We give the exact analytic solution for the density fluctuations and gravitational
potential at zero wavenumber. We compute the density contrast as a function of the scale factor a
for a relevant range of wavenumbers k. At fixed a, the density contrast turns to grow with k for
k < kc while it decreases for k > kc, where kc ≃ 1.6/Mpc. The density contrast depends on k and a
mainly through the product k a exhibiting a self-similar behavior. Our numerical density contrast
for small k gently approaches our analytic solution for k = 0. For fixed k < 1/(60 kpc), the density
contrast generically grows with a while for k > 1/(60 kpc) it exhibits oscillations starting in the
radiation dominated (RD) era which become stronger as k grows. We compute the transfer function
of the density contrast for thermal fermions and for sterile neutrinos decoupling out of equilibrium
in two cases: the Dodelson-Widrow (DW) model and a model with sterile neutrinos produced by
a scalar particle decay. The transfer function grows with k for small k and then decreases after
reaching a maximum at k = kc reflecting the time evolution of the density contrast. The integral
kernels in the Volterra equations are nonlocal in time and their falloff determine the memory of the
past evolution since decoupling. We find that this falloff is faster when DM decouples at thermal
equilibrium than when it decouples out of thermal equilibrium. Although neutrinos and photons can
be neglected in the matter dominated (MD) era, they contribute to the Volterra integral equation
in the MD era through their memory from the RD era.
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I. INTRODUCTION AND SUMMARY OF RESULTS
In an accompanying paper [1] we provided a framework to study the complete cosmological evolution of dark matter
(DM) density fluctuations for DM particles that decoupled being ultrarelativistic during the radiation dominated era
which is the case of keV scale warm DM (WDM). In this paper, we solve the evolution of DM density fluctuations
following the framework developed in ref. [1].
The new framework presented in ref. [1] and here is generic for any type of DM and applies in particular to cold
DM (CDM) too. The collisionless and linearized Boltzmann-Vlasov equations (B-V) for WDM and neutrinos in the
presence of photons and coupled to the linearized Einstein equations are studied in detail in the presence of anisotropic
stress with the Newtonian potential generically different from the spatial curvature perturbations.
In ref. [1] the full system of B-V equations for DM and neutrinos is recasted as a system of coupled Volterra
integral equations. (Ref. [18] has recently considered this issue in absence of anisotropic stress). These Volterra-type
equations are valid both in the radiation dominated (RD) and matter dominated (MD) eras during which the WDM
particles are ultrarelativistic and then nonrelativistic. This generalizes the so-called Gilbert integral equation only
valid for nonrelativistic particles in the MD era.
We succeed to reduce the system of four Volterra integral equations for the density and anisotropic stress fluctuations
of DM and neutrinos into a system of only two coupled Volterra equations.
In summary, the pair of partial differential Boltzmann-Vlasov equations in seven variables for DM and for neutrinos
become a system of four Volterra linear integral equations on the density fluctuations ∆dm(η,~k), ∆ν(η,~k) and
anisotropic stress Σdm(η,~k) ,Σν(η,~k) for DM and neutrinos, respectively.
In addition, because we deal with linear fluctuations evolving on an homogeneous and isotropic cosmology, the
Volterra kernel turns to be isotropic, independent of the ~k directions. As stated above, the kˇ dependence factorizes
out and we arrive to a final system of two Volterra integral equations in two variables: the modulus k and the time
that we choose to be as
y ≡ a(η)/aeq ≃ 3200 a(η) . (1.1)
We have thus considerably simplified the original problem: we reduce a pair of partial differential B-V equations on
seven variables η, ~q, ~x into a pair of Volterra integral equations on two variables: η, k.
The customary DM density contrast δ(η,~k) is connected with the density fluctuations ∆dm(η,~k) by [3]
δ(η,~k) =
∆dm(η,~k)
ρdm [aeq + a(η)]
, aeq ≃ 1
3200
, (1.2)
where ρdm is the average DM density today.
It is convenient to define dimensionless variables as
α ≡ k lfs√
Idm4
, lfs =
2
H0
Td
m
√
Idm4
aeq Ωdm
,
where lfs stands for the free-streaming length [9, 10, 14], Td is the comoving DM decoupling temperature and I
dm
4 is
the dimensionless square velocity dispersion given by
Idmn =
∫ ∞
0
Qn fdm0 (Q) dQ , while f
dm
0 (Q) is normalized by I
dm
2 = 1 . (1.3)
3Q is the dimensionless momentum Q ≡ q/Td whose typical values are of order one.
A relevant dimensionless rate emerges: the ratio between the DM particle mass m and the decoupling temperature
at equilibration,
ξdm ≡ m aeq
Td
= 4900
m
keV
( gd
100
) 1
3
,
gd being the effective number of UR degrees of freedom at the DM decoupling. Therefore, ξdm is a large number
provided the DM is non-relativistic at equilibration. For m in the keV scale we have ξdm ∼ 5000.
DM particles and the lightest neutrino become non-relativistic by a redshift
ztrans + 1 ≡ m
Td
≃ 1.57× 107 m
keV
( gd
100
) 1
3
for DM particles , zνtrans = 34
mν
0.05 eV
for the lightest neutrino .
(1.4)
ztrans denoting the transition redshift from ultrarelativistic regime to the nonrelativistic regime of the DM particles.
The final pair of dimensionless Volterra integral equations take the form
∆˘(y, α) = C(y, α) +Bξ(y) φ¯(y, α) +
∫ y
0
dy′
[
Gα(y, y
′) φ¯(y′, α) +Gσα(y, y
′) σ¯(y′, α)
]
, (1.5)
σ¯(y, α) = Cσ(y, α) +
∫ y
0
dy′
[
Iσα(y, y
′) σ¯(y′, α) + Iα(y, y
′) φ¯(y′, α)
]
, (1.6)
with initial conditions ∆˘(0, α) = 1 , σ¯(0, α) = 25 Iξ . This pair of Volterra equations is coupled with the linearized
Einstein equations.
The kernels and the inhomogeneous terms in eqs.(1.5)-(1.6) are given explicitly by eqs.(2.12)-(2.15), (2.16)-(2.18)
and (2.7)-(2.11). The arguments of these functions contain the dimensionless free-streaming distance l(y,Q),
l(y,Q) =
∫ y
0
dy′√
[1 + y′]
[
y′2 + (Q/ξdm)
2
] . (1.7)
The coupled Volterra integral equations (1.5)-(1.6) are easily amenable to a numerical treatment.
During the RD era the gravitational potential is dominated by the radiation fluctuations (photons and neutrinos).
The photons can be described in the hydrodynamical approximation (their anisotropic stress is negligible). The tight
coupling of the photons to the electron/protons in the plasma suppresses before recombination all photon multipoles
except Θ0 and Θ1. (The Θl stem from the Legendre polynomial expansion of the photon temperature fluctuations
Θ(η, ~q,~k) [2]).
Θ0 and Θ1 obey the hydrodynamical equations [2]
dΘ0
dη
+ k Θ1(η, ~α) =
dφ
dη
, (1.8)
dΘ1
dη
− k
3
Θ0(η, ~α) =
k
3
φ(η, ~α) . (1.9)
This is a good approximation for the purposes of following the DM evolution [2].
The photons gravitational potential is given in the RD and MD eras by (ref. [2] and Appendix A)
φ(η,~k) = ψ(η,~k) = 3 ψ(0, ~k)
√
3
κ y
j1
(
κ y√
3
)
, κ = k η∗ , η∗ ≡
√
aeq
ΩM
1
H0
= 143 Mpc , (1.10)
where j1(x) is the spherical Bessel function of order one.
For redshift z < 30000 the kernel Gα(y, y
′) in eq.(1.5) simplifies as
Gα(y, y
′)
y, y′>0.1
=
ξdm κ
2 Iξ
y y′√
1 + y′
Π [α (s(y)− s(y′))] where,
4Π(x) =
∫ ∞
0
Q dQ fdm0 (Q) sin(Q x) and s(y) = −ArgSinh
(
1√
y
)
. (1.11)
In this regime z < 30000, y > 0.1, the anisotropic stress σ¯(y, α) turns to be negligible and eqs.(1.5)-(1.6) becomes a
single Volterra integral equation. In the MD era this equation takes the form
∆˘(y, α)
y
= g(y, α) +
6
α
∫ s(y)
s(1)
ds′ Π [α (s(y)− s′)] ∆˘(y(s′), α) , y ≥ 1 , (1.12)
where the inhomogeneous term g(y, α) contains the memory from the previous times y < 1 of the RD era. When DM
is non-relativistic the memory from the regime where DM was ultrarelativistic turns out to fade out as 1/ξdm ∼ 0.0002
compared to the recent memory where DM is non-relativistic.
The falloff of the kernel Π [α (s− s′)] determines the memory in the regime where DM is non-relativistic. We
find that this falloff is faster when DM decouples at thermal equilibrium than when it decouples out of thermal
equilibrium (see fig. 5). This can be explained by the general mechanism of thermalization [25]: in the out of
equilibrium situation the momentum cascade towards the ultraviolet is incomplete and there is larger occupation at
low momenta and smaller occupation at large momenta than in the equilibrium distribution. Therefore, the out of
equilibrium kernel Π(x) which is the Fourier transform eq.(1.11) of the freezed out momentum distribution exhibits
a longer tail than the equilibrium kernel.
Neutrinos and photons can be neglected in the matter dominated era. However, they contribute to the Volterra
integral equation in the MD era through the memory integrals over 0 < y′ < 1, namely the memory of the RD era.
When the anisotropic stress σ¯(y, α) is negligible, eqs.(1.5)-(1.6) reduce to a single Volterra integral equation for the
DM density fluctuations ∆˘dm(y, α) when the anisotropic stress σ¯(y, α) is negligible. We find the solution of this single
Volterra equation for a broad range of wavenumbers 0.1/Mpc < k < 1/5 kpc.
At zero wavenumber k = 0 the kernel of this Volterra equation vanishes and the DM fluctuations can be expressed
explicitly in terms of the gravitational potential φ. The gravitational potential at k = 0 follows solely from the
hydrodynamic equations for the radiation combined with the regularity requirement at k = 0 of the first linearized
Einstein equation. Namely, the gravitational potential φ is solely obtained from the radiation without specifying the
sources of the DM and radiation fluctuations. Using this explicit and well known form of φ, (see e. g. ref. [2]) the
DM fluctuations are obtained at α = 0. The fact that the Einstein equations constrain their sources was first noticed
in ref. [16] in a completely different context.
We depict in figs. 2 the normalized density contrast vs. y (the scale factor divided by aeq) for thermal fermions
and sterile neutrinos in the Dodelson-Widrow (DW) model [5] (both models yield identical density fluctuations for a
given value of ξdm). Similar curves are obtained in the χ model where sterile neutrinos are produced by the decay of
a real scalar [21].
At fixed y we find that the density contrast grows with k for k < kc while it decreases for k > kc, where kc ≃ 1.6/Mpc.
We find that the density contrast depends on α and y mainly through the product α y exhibiting a self-similar behavior.
The density contrast curves computed numerically for small α gently approach in the upper fig. 2 our analytic solution
for α = 0. For fixed α < 1, the density contrast generically grows with y while for α > 1 it exhibits oscillations starting
in the RD era which become stronger as α grows (see fig. 2). The density contrast becomes proportional to y (to the
scale factor) at sufficiently late times. The larger is α, the later starts δ(y, α) to grow proportional to y (see fig. 2).
Also, the larger is α > 1, the later the oscillations remain.
We depict in fig. 3 the transfer function for thermal fermions and sterile neutrinos in the DW model and for sterile
neutrinos decoupling out of equilibrium in the χ model. The transfer function grows with k for small k and then
decreases after reaching a maximum at k = kc.
We analyze in section III the system of two Volterra integral equations in the regimes where DM is in the transition
from UR to NR and when DM is nonrelativistic. In sec. III C we take the nonrelativistic limit of our system of
Volterra integral equations in the MD era. This yields the Gilbert equation (plus extra terms). We find extra memory
terms and different inhomogeneities arising from our system of Volterra equations.
In section IV we consider the zero anisotropic stress case where the system of Volterra equations reduces to a single
Volterra equation. The numerical solution for the DM fluctuations in a broad range of wavenumbers is presented and
discussed, as well as the transfer function and the analytic solution for zero wavenumber.
We present in sec. V the distribution functions, main parameters and integral kernels for sterile neutrinos decoupling
out of equilibrium and compare them to fermions decoupling with a Fermi-Dirac distribution. Finally, we present in
sec. VI the generalization of the Volterra integral equation for cold dark matter.
5In the RD era where radiation fluctuations dominates the gravitational potential we derive in Appendix A a second
order differential equation for the gravitational potential. We show that the solution of this differential equation is
well approximated by the Bessel function of order one eq.(1.10).
We provide in Appendix B explicit and useful expressions for the free-streaming distance l(y,Q) [see eq.(1.7)] in
the main relevant regimes.
II. THE VOLTERRA INTEGRAL EQUATIONS AND RELEVANT PHYSICAL SCALES
We recall here the pair of coupled Volterra integral equations derived in the accompanying paper [1] from the
Boltzmann-Vlasov equations for DM and for neutrinos.
A. Density fluctuations and anisotropic stress fluctuations
In the companion paper [1] we defined dimensionless density fluctuations ∆¯dm(y, α) and ∆¯ν(y, α) and dimension-
less anisotropic stress fluctuations σ¯(y, α) factoring out the initial gravitational potential ψ(0, ~k) in order to obtain
quantities independent of the ~k direction. These relevant quantities are expressed as
∆¯dm(y, α) =
∫
d3Q
4 π
ε(y,Q) fdm0 (Q)
Ψdm(y, ~Q,~κ)
ψ(0, ~κ)
, ∆¯ν(y, α) =
∫
d3Q
4 π
Q fν0 (Q)
Ψν(y, ~Q,~κ)
ψ(0, ~κ)
,
φ(y,~κ) = ψ(0, ~k) φ¯(y, α) , ψ(y,~κ) = ψ(0, ~k) ψ˘(y, α) and ψ˘(0, α) = 1 ,
σ(y,~κ) = ψ(0, ~k) σ¯(y, α) , σ¯(y, α) = φ¯(y, α)− ψ˘(y, α) , σ¯(0, α) = φ¯(0, α)− 1 . (2.1)
We then introduce in ref. [1] the combined density fluctuation ∆˘(y, α)
∆˘(y, α) = − 1
2 Iξ
[
1
ξdm
∆¯dm(y, α) +
Rν(y)
Iν3
∆¯ν(y, α)
]
, Iξ =
Idm3
ξdm
+Rν(0) ≃ Rν(0) = 0.727 , ∆˘(0, α) = 1 ,
(2.2)
where ξdm is the ratio between the DM particle mass m and the physical decoupling temperature at equilibration
redshift zeq + 1 ≃ 3200,
ξdm =
m aeq
Td
= 4900
m
keV
( gd
100
) 1
3
= 5520
( m
keV
) 4
3
(gdm Ndm)
1
3 . (2.3)
We use here the dimensionless wavenumbers [1, 14]
κ ≡ k η∗ and α ≡ 2
ξdm
κ =
2
H0
Td
m
√
aeq Ωdm
k where η∗ ≡
√
aeq
ΩM
1
H0
= 143 Mpc . (2.4)
Using ∆˘(y, α) and σ¯(y, α) in ref. [1] allowed to reduce the system of four Volterra integral equations into a the
following pair of Volterra integral equations:
∆˘(y, α) = C(y, α) +Bξ(y) φ¯(y, α) +
∫ y
0
dy′
[
Gα(y, y
′) φ¯(y′, α) +Gσα(y, y
′) σ¯(y′, α)
]
, (2.5)
σ¯(y, α) = Cσ(y, α) +
∫ y
0
dy′
[
Iσα(y, y
′) σ¯(y′, α) + Iα(y, y
′) φ¯(y′, α)
]
, (2.6)
with the initial conditions [1]
∆˘(0, α) = 1 , σ¯(0, α) =
2
5
Iξ ≃ 2
5
Rν(0) .
We have in eqs.(2.5)-(2.6)
C(y, α) = − 1
2 Iξ
[
a(y, α)
ξdm
+
Rν(y)
Iν3
aur(y, α)
]
, Cσ(y, α) ≡ a
σ(y, α)
ξdm
+
Rν(y)
Iν3
aur σ(y, α) , (2.7)
6Bξ(y) = − 1
2 Iξ
[y bdm(y) + 4Rν(y)] ,
Gα(y, y
′) = − κ
2 Iξ
√
1 + y′
[
1
ξdm
Nα(y, y
′) +
Rν(y)
Iν3
Nurα (y, y
′)
]
, (2.8)
Gσα(y, y
′) = − κ
2 Iξ
√
1 + y′
[
1
ξdm
Nσα (y, y
′)− Rν(y)
2 Iν3
Nurα (y, y
′)
]
, (2.9)
Iα(y, y
′) =
κ√
1 + y′
[
1
ξdm
Uα(y, y
′) +
Rν(y)
Iν3
Uurα (y, y
′)
]
, (2.10)
Iσα(y, y
′) =
κ√
1 + y′
[
1
ξdm
Uσα (y, y
′)− Rν(y)
2 Iν3
Uurα (y, y
′)
]
. (2.11)
In eqs.(2.5)-(2.6) we can use Iξ ≃ Rν(0). The DM integral kernels and inhomogeneity functions in eqs. (2.7)-(2.11)
are given by
a(y, α) =
∫ ∞
0
Q2 dQ ε(y,Q)
[
fdm0 (Q) c¯
0
dm(Q) + φ¯(0)
dfdm0
d lnQ
]
j0
[α
2
Q l(y,Q)
]
, (2.12)
y ξdm bdm(y) =
∫ ∞
0
Q2 dQ
ε(y,Q)
fdm0 (Q)
[
4Q2 + 3 (ξdm y)
2
]
, (2.13)
Nα(y, y
′) =
∫ ∞
0
Q2 dQ ε(y,Q)
dfdm0
dQ
j1 [α lQ(y, y
′)]
[
ε(y′, Q) +
Q2
ε(y′, Q)
]
, (2.14)
Nσα (y, y
′) = −
∫ ∞
0
Q2 dQ
dfdm0
dQ
j1 [α lQ(y, y
′)] ε(y,Q) ε(y′, Q) . (2.15)
aσ(y, α) =
3
κ2 y2
∫ ∞
0
Q4 dQ
ε(y,Q)
[
fdm0 (Q) c¯
0
dm(Q) + φ¯(0)
dfdm0
d lnQ
]
j2
[α
2
Q l(y,Q)
]
, (2.16)
Uα(y, y
′) = − 3
5 κ2 y2
∫ ∞
0
Q4 dQ
ε(y,Q)
dfdm0
dQ
[
ε(y′, Q) +
Q2
ε(y′, Q)
]
{2 j1 [α lQ(y, y′)]− 3 j3 [α lQ(y, y′)]} , (2.17)
Uσα (y, y
′) =
3
5 κ2 y2
∫ ∞
0
Q4 dQ
ε(y,Q)
dfdm0
dQ
ε(y′, Q) {2 j1 [α lQ(y, y′)]− 3 j3 [α lQ(y, y′)]} . (2.18)
The function c¯0dm(Q) determines the intial conditions. We have for thermal initial conditions (TIC) and for thermal
initial conditions (TIC) [1]
c¯0dm(Q) =


1
2
d ln fdm0
d lnQ
for thermal initial conditions (TIC) ,
−2 for Gilbert initial conditions (GIC) .
c¯0ν(Q) =


1
2
d ln fν0
d lnQ
for TIC ,
−2 for GIC .
(2.19)
The neutrino integral kernels in eqs.(2.7)-(2.11) and inhomogeneity functions are given by
Nurα (y, y
′) = −8 Iν3 j1 [κ r(y, y′)] ,
Uurα (y, y
′) =
24 Iν3
5 κ2 y2
{2 j1 [κ r(y, y′)]− 3 j3 [κ r(y, y′)]} , (2.20)
7aur(y, α) = −2 Iν3
[
1 + 2 φ¯(0)
]
j0 [κ r(y, 0)] , (2.21)
aur σ(y, α) = −6 Iν3
[
1 + 2 φ¯(0)
] j2 [κ r(y, 0)]
κ2 y2
. (2.22)
The Volterra integral equations (2.5)-(2.6) are coupled with the linearized Einstein equations derived in the accom-
panying paper [1][
(1 +R0(y))
(
d
dy
+ 1
)
+
1
3
(κ y)
2
]
φ¯(y, α) = [1+R0(y)] σ¯(y, α)− 1
2 ξdm
∆¯dm(y, α)−Rν(y)
2 Iν3
∆¯ν(y, α)−2Rγ(y) Θ¯0(y, α) .
(2.23)
Here,
R0(y) ≡ ρdm(y)
ρr(y)
=
∫ ∞
0
Q2 dQ
√
y2 +
Q2
ξ2dm
fdm0 (Q) , ρr(y) =
ρr
a4(y)
and (2.24)
R0(y) =


Idm3
ξdm
[
1 +O (ξ2dm y2)] , ξdm y . 1 ,
y +
Idm4
2 ξ2dm y
+O
(
1
ξ4dm y
3
)
, ξdm y & 5 .
(2.25)
B. Relevant scales in the ultra-relativistic and non-relativistic DM regimes
The evolution of the DM fluctuations presented here is valid generically for DM particles that decouple at redshift
zd, being ultrarelativistic in the RD era and become non-relativistic in the same RD era. That is, the evolution
presented here is valid as long as ξdm ≫ 1 which is the case from eq.(2.3) provided DM decouples ultrarelativistically
deep enough in the RD era.
The framework presented in this paper is general, valid for any DM particle, not necessarily in the keV scale. More
precisely, the treatment presented here is valid for ξdm ≫ 1 and:
1≫ m
Td phys
=
m
Td zd
= 3200
ξdm
zd
which implies zd ≫ 3200 ξdm. The redshift at decoupling turns to be
zd + 1 =
Td phys
Td
= 1.57 1015
Td phys
100 GeV
( gd
100
) 1
3
. (2.26)
where we used Td = (2/gd)
1/3 Tcmb and Tcmb = 0.2348 meV.
DM particles are ultra-relativistic (UR) for z & ztrans, ztrans being the redshift at the transition from ultra-
relativistic to non-relativistic DM particles
ztrans + 1 ≡ m
Td
≃ 1.57× 107 m
keV
( gd
100
) 1
3
. (2.27)
Then, they become non-relativistic (NR) for z . ztrans. In terms of the variable y [eq.(1.1)] the transition from UR
to NR DM particles takes place around y ∼ ytrans while decoupling happens well before ytrans by y ∼ yd:
ytrans = 1/ξdm ≃ 0.0002 , yd = 3200/zd ≃ 2× 10−12 .
Notice that modes that reenter the horizon by the UR-NR transition y ∼ ytrans, have from eqs. (2.30) and (2.40) of
the accompanying paper ref. [1], wavenumbers
k ∼ 1
η∗ ytrans
∼ ξdm
η∗
=
2
√
Idm4
lfs
∼ 1
lfs
.
That is, when DM particles become nonrelativistic the free-streaming length lfs is of the order of the comoving horizon
[18].
8Universe Event redshift z y =
a
aeq
=
zeq + 1
z + 1
≃ 3200
z + 1
DM decoupling zd ∼ 1.6 1015 Tdp100 GeV
(
gd
100
) 1
3 yd ≃ 2× 10−12
neutrino decoupling zνd ≃ 6× 109 yνd ≃ 0.5× 10−6
DM particles transition from UR to NR ztrans ≃ 1.6× 107 keVm
(
gd
100
) 1
3 ytrans =
1
ξdm
≃ 0.0002
10−6 < y < 0.01
Transition from the RD to the MD era zeq ≃ 3200 yeq = 1
The lightest neutrino becomes NR zνtrans = 95
mν
0.05 eV
yνtrans = 34
0.05 eV
mν
Today z0 = 0 y0 ≃ 3200
TABLE I: Main events in the DM, neutrinos and universe evolution.
At decoupling, the covariant neutrino temperature, decoupling neutrino redshift and y variable are,
T νd = 0.17 10
−3 eV , zνd ≃ 6× 109 and yνd ≃ 0.5× 10−6 .
The lightest neutrinos become non-relativistic at a redshift
zνtrans = 95
mν
0.05 eV
and yνtrans = 34
0.05 eV
mν
.
Namely, neutrinos become non-relativistic in the MD era when their density as well as their fluctuations are negligible.
Thus, we can treat the neutrinos as ultra-relativistic or neglect them.
The neutrino and photon fractions of the energy density are defined in general as
Rν(η) ≡ ρν(η)
ρ(η)
=
Ων
Ωr + a(η) ΩM
, Rγ(η) ≡ ργ(η)
ρ(η)
=
Ωγ
Ωr + a(η) ΩM
where ρν(η), ργ(η) and ρ(η) stand for the neutrino, photon and total energy density, respectively. In the radiation
dominated era Ωr ≫ a(η) ΩM and Rν(η) +Rγ(η) = 1. The neutrino fraction changes after neutrino decoupling when
the cosmic temperature crosses the e+ − e− threshold, that is [2],
Rν(η) =


0.727 , 4× 109 . z . 6× 109
0.41 , 3200 . z . 4× 109
0 , 0 ≤ z . 3200
. (2.28)
The quantity Iξ defined by eq.(2.2) is dominated by the neutrino piece Rν(0) and takes the value
Iξ ≃ Rν(0) = 0.727 . (2.29)
In the MD dominated era both Rν(η) and Rγ(η) become very small and can be neglected.
9Range of Validity ε(y,Q) l(y,Q)
UR DM particles
ξdm y ≪ 1 Q ξdm y
Q
1√
1 +
Idm
3
ξdm
0 < y < 10−6
Transition regime from UR
to NR DM particles
√
Q2 + (ξdm)2 y2 Arg Sinh
(
ξdm y
Q
)
10−6 < y < 0.01
NR DM particles
0.01 < y < 3200 ξdm y −2 Arg Sinh
(
1√
y
)
+ log
(
8 ξdm
Q
)
+
1
2
Q
ξdm
− 1
8
(
Q
y ξdm
)2 [
3 y
√
1 + y + y + 2
]
ξdm y ≫ 1
MD era
y ≫ 1 ξdm y − 2√
y
+ log
(
8 ξdm
Q
)
+
1
2
Q
ξdm
NR DM particles
TABLE II: The different regimes ultra-relativistic (UR), transition and non-relativistic (NR) of the free-streaming distance
l(y,Q). Notice that the second (third) formula for l(y,Q) is also valid in the first (fourth) formula for 0 < y < 10−6 (y ≫ 1).
In addition, the third formula of l(y,Q) for y ≪ 1 matches for ξdm y ≫ 1 with the asymptotic behaviour of the second formula
for l(y,Q). The precise behaviours of l(y,Q) are derived in Appendix B and given by eqs.(B3)-(B8). When DM is UR l(y,Q)
grows as the comoving horizon η∗ y and thus free-streaming efficiently erases fluctuations. When DM becomes NR l(y,Q) grows
much slower and free-streaming is inefficient to erase fluctuations.
We summarize in Table I the ranges of the redshift z and the variable y (the scale factor normalized to unity at
equilibration) for the main events in the DM, neutrinos and the universe evolution.
The free-streaming distance l(y,Q) is expressed by eq. (1.7). l(y,Q) can be expressed in general in terms of elliptic
integrals. In the present case where ξdm ∼ 5000 we find in appendix B excellent approximations to l(y,Q) in terms
of simple elementary functions. We display the free-streaming distance l(y,Q) and the particle energy ε(y,Q) for the
different regimes in Table II. It must be stressed that each of the four formulas displayed in Table II match with its
neighboring expression as discussed in appendix B.
From eqs.(2.3) and (2.4) we obtain for the dimensionless variable α,
α = 58.37
keV
m
(
100
gd
) 1
3
k kpc . (2.30)
In terms of α, the primordial gravitational potential eq.(3.17) in the accompanying paper [1] becomes,
ψ(0, ~α) =
1.848
α
3
2
(
α
α0
) 1
2
(ns−1) (keV
m
)3
100
gd
(kpc)3 G(~α) , (2.31)
where α0 = 1.167 10
−4 (keV/m) (100/gd)
1
3 and
< G(~α) G∗(~α′) >= δ(~α− ~α′) .
III. FROM THE ULTRARELATIVISTIC TO THE NON-RELATIVISTIC REGIME OF THE DM IN
THE VOLTERRA EQUATIONS
We investigate here the system of Volterra integral equations (2.5)-(2.6) first in the transition regime for DM and
then in the non-relativistic DM regime.
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FIG. 1: The free-streaming length in dimensionless variables l(y,Q) divided by Q vs. log10 y for Q = 0.1, 1 and 10. [Recall
that λFS = (η
∗/ξdm) Q l(y,Q) [1]]. We explicitly compute l(y,Q) in appendix B. l(y,Q) is given in the different regimes by
eqs.(B2), (B3), (B8) and (B9). Notice that log10 y = 0 corresponds to equilibration. We choose here ξdm = 5000.
A. Transition Regime
We consider here the coupled Volterra integral equations (2.5-(2.6)) in the transition regime from ultrarelativistic
to non-relativistic DM particles 0.5 10−6 < y < 0.01 well inside the RD era where the neutrinos are ultrarelativistic
and they have already decoupled.
The second entry of Table II the one-particle energy ε(y,Q) =
√
(ξdm)2 y2 +Q2 and the free-streaming length
l(y,Q) applies now. Therefore, we have from eq.(B3),
l(y,Q) =
[
1− 3
16
(
Q
ξdm
)2]
Arg Sinh
(
ξdm y
Q
)
− 1
2

(1− 3
8
y
)√
y2 +
(
Q
ξdm
)2
− Q
ξdm

+O(y3) .
lQ(y, y
′) =
Q
2
[
1− 3
16
(
Q
ξdm
)2]
Arg Sinh
(
ξdm y
Q
)
− Q
4
(
1− 3
8
y
)√
y2 +
(
Q
ξdm
)2
− {y ⇒ y′} .
These formulas are to be inserted in eqs.(2.12)-(2.18) for a(y, α), aσ(y, α), Nα(y, y
′), Nσα (y, y
′), Uα(y, y
′) and
Uσα (y, y
′).
B. Non-relativistic Regime
We write here the Volterra integral equation in the non-relativistic regime 3200 > y > 0.01.
The third entry of Table II for the one-particle energy ε(y,Q) ≃ ξdm y and the free-streaming length l(y,Q) applies
in this case. Notice that the difference of the free-streaming lengths which appears in the integrand of the kernel
Nα(y, y
′) eq.(2.14) is now Q-independent because the DM particles are non-relativistic:
lQ(y, y
′) =
Q
2
[l(y,Q)− l(y′, Q)] = Q [s(y)− s(y′)] ,
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where we used eq.(B8), neglected terms O ([Q/ξdm]2 logQ/ξdm) in the free-streaming length l(y,Q) and
s(y) ≡ −Arg Sinh
(
1√
y
)
,
ds
dy
=
1
2 y
√
1 + y
. (3.1)
In the non-relativistic regime the kernels Nα(y, y
′) and Nσα (y, y
′) in eqs.(2.14)-(2.15) both in the RD and the MD eras
become,
Nα(y, y
′) = −Nσα (y, y′) = (ξdm)2 y y′
∫ ∞
0
Q2 dQ
dfdm0
dQ
j1 {α Q [s(y)− s(y′)]} .
Integrating by parts dfdm0 /dQ in the above integral leads to the simpler expression
Nα(y, y
′) = −Nσα (y, y′) = −(ξdm)2 y y′ Π [α (s(y)− s(y′))] for y, y′ > 0.01 , (3.2)
where
Π(x) ≡
∫ ∞
0
Q dQ fdm0 (Q) sin(Q x) . (3.3)
That is, in the nonrelativistic regime the kernelNα(y, y
′) becomes the Fourier transform of the zeroth order momentum
distribution fdm0 (Q). Notice that
Π(0) = 0 , Π′(0) = 1 ,
where we used eqs.(1.3) and (3.3).
In a similar way we obtain for the kernels Uα(y, y
′) and Uσα (y, y
′) [given by eqs.(2.17)-(2.18)] in the nonrelativistic
regime,
Uα(y, y
′) = −Uσα (y, y′) = −
3 y′
5 κ2 y3
∫ ∞
0
Q4 dQ
dfdm0
dQ
{2 j1 (α Q [s(y)− s(y′)])− 3 j3 (α Q [s(y)− s(y′)])} . (3.4)
Upon integrating by parts this formula can be recasted in the simpler form
Uα(y, y
′) = −Uσα (y, y′) =
3α [s(y)− s(y′)] y′
κ2 y3
∫ ∞
0
Q4 dQ fdm0 (Q)
{
j0 (α [s(y)− s(y′)] Q)− j1 (α [s(y)− s(y
′)] Q)
α [s(y)− s(y′)] Q
}
.
where we used also the angular integrals in the Appendix B of the accompanying paper ref. [1].
When the DM particles become nonrelativistic the anisotropic stress σ¯(y, α) decreases fast as 1/(κ y)2. For y α & 1,
then 1/(κ y)2 < 10−6 the anisotropic stress can be neglected. Therefore, for y α & 1 the system of Volterra equations
(2.5)-(2.6) reduces to a single Volterra equation for the density fluctuations ∆˘(y, α).
In this nonrelativistic regime where κ y ≫ 1, ε(y,Q) ≃ ξdm y, the inhomogeneous pieces C(y, α) and Cσ(y, α) from
eqs.(2.12), (2.16), (2.21), (2.22) and (2.7) become
C(y, α) = − y
2 Iξ
∫ ∞
0
Q2 dQ
[
fdm0 (Q) c¯
0
dm(Q) + φ¯(0)
dfdm0
d lnQ
]
j0
[α
2
Q lNR(y,Q)
]
+
+
Rν(y)
Iξ
[
1 + 2 φ¯(0)
]
j0 [κ r(y, 0)] ,
Cσ(y, α) =
3
(κ ξdm)2 y3
∫ ∞
0
Q4 dQ
[
fdm0 (Q) c¯
0
dm(Q) + φ¯(0)
dfdm0
d lnQ
]
j2
[α
2
Q lNR(y,Q)
]
−6 Rν(y)
[
1 + 2 φ¯(0)
] j2 [κ r(y, 0)]
κ2 y2
, (3.5)
where we used eq.(B8)
l(y,Q) ≃ lNR(y,Q) ≡ 2 s(y) + log (8 ξdm/Q) . (3.6)
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The Volterra equation (2.5)-(2.6) at y involves the integral over all y′ in the interval 0 < y′ < y. Namely, we need the
kernel Nα(y, y
′) for all y′ in 0 < y′ < y. Therefore, in the nonrelativistic regime y > y1 = 0.01 we need the kernels
with mixed arguments, where y′ belongs to the transition or to the ultrarelativistic regime (0 < y′ < y1).
We obtain from eq.(2.14) for the mixed kernel
Nα(y, y
′) = ξdm y
∫ ∞
0
Q2 dQ
dfdm0
dQ
j1
{
α
2
Q
[
log
(
8 ξdm
Q
)
− 2 Arg Sinh
(
1√
y
)
−Arg Sinh
(
ξdm y
′
Q
)]}
×
×
[
ε(y′, Q) +
Q2
ε(y′, Q)
]
for y > y1 = 0.01 , y
′ < y1 = 0.01 . (3.7)
The kernel Nα(y, y
′) is proportional to (ξdm)
2 when both y and y′ are in the nonrelativistic regime [eq.(3.2)] while
it is proportional to ξdm when y is in the nonrelativistic regime and y
′ is in the transition or ultrarelativistic regimes
[eq.(3.7)]. Namely, in the nonrelativistic regime, the memory of the transition regime and ultrarelativistic regime
fades as 1/ξdm ∼ 0.0002.
In the MD dominated era y > 1, radiation (photons and neutrinos) can be neglected: Rν(y) = Rγ(y) = 0. Once
neutrinos are negligible, the anisotropic stress σ¯(y, κ) becomes very small and can be neglected too. Therefore, we
have for y > 1 dropping the neutrino contributions in eqs.(2.2), (2.5) and (2.7)-(2.8),
∆¯dm(y, κ) = −2 ξdm Iξ ∆˘(y, κ) , MD era (3.8)
∆¯dm(y, α) = a(y, α) + y ξdm bdm(y) φ¯(y, α) + κ
∫ y
0
dy′√
1 + y′
Nα(y, y
′) φ¯(y′, α) + κ
∫ 1
0
dy′√
1 + y′
Nσα (y, y
′) σ¯(y′, α) .
Notice that the integrals here cover the radiation dominated era 0 < y < 1. That is, the memory of the neutrinos and
photons during the RD era is preserved in the MD era.
The linearized Einstein equation for the gravitational potential in the MD era φ¯(y, α) = ψ¯(y, α) become from
eq.(2.23) [
y(1 + y)
d
dy
+ 1 + y +
1
3
(κ y)
2
]
φ¯(y, α) = − 1
2 ξdm
∆¯dm(y, α) . (3.9)
This equation can be solved as
φ¯(y, α) = − 1
2 ξdm y
∫ y
0
dy′
1 + y′
βκ(y, y
′) ∆¯dm(y
′, α) where βκ(y, y
′) =
(
1 + y
1 + y′
ey
′−y
)κ2/3
. (3.10)
We compute in appendix A of the accompanying paper [1] this integral in the asymptotic regime κ y ≫ 1. We find
at leading order from eq.(A2) of ref.[1],
φ¯(y, α)
κ y≫1
= − 3
2 ξdm (κ y)2
∆¯dm(y, α) , (3.11)
which corresponds to the Poisson’s law. This result applies for κ = ξdm α/2≫ 1.
The asymptotic expansion of the function bdm(y) for large y follows expanding the integral representation eq.(2.13)
in inverse powers of ξdm y. We obtain after calculation,
bdm(y)
ξdm y≫1
= 3 +
5
2
Idm4
(ξdm y)2
+O
[
1
(ξdm y)4
]
. (3.12)
where we used eq.(1.3).
In the MD era we can approximate the inhomogeneous term a(y, α) in eq.(3.8) as
a(y, α) = aMD(y, α) ≡ 2 ξdm y
α
∫ ∞
0
Q dQ
lNR(y,Q)
[
fdm0 (Q) c¯
0
dm(Q) + φ¯(0)
dfdm0
d lnQ
]
sin
[α
2
Q lNR(y,Q)
]
. (3.13)
In eq.(3.8) we can approximate the kernel Nα(y, y
′) for y′ > 0.1 according to eq.(3.2) and change the integration
variable from y′ to s′, defined as in eq.(3.1),
s′ ≡ −ArgSinh
(
1√
y′
)
, y′ = y(s′) =
1
sinh2 s′
,
ds′
dy′
=
1
2 y′
√
1 + y′
.
13
Then eq.(3.8) becomes
∆¯dm(y, α)
y
= g(y, α) +
6
α
∫ s(y)
s(1)
ds′ Π [α (s(y)− s′)] ∆¯dm(y(s′), α) (3.14)
where Π(x) is given by eq.(3.3), we used eq.(3.11) and
g(y, α) ≡ a
MD(y, α)
y
+
κ
y
∫ 1
0
dy′√
1 + y′
[
Nα(y, y
′) φ¯(y′, α) +Nσα (y, y
′) σ¯(y′, α)
]
. (3.15)
The term proportional to φ¯(y, α) in eq.(3.8) becomes negligible using eqs.(3.11) and (3.12):
ξdm bdm(y) φ¯(y, α)
y>1
= −9
2
∆¯dm(y, α)
(κ y)2
.
Notice that aMD(y, α) is explicitly known. Once the Volterra equations (2.5)-(2.6) are solved from y = 0 till y = 1 we
explicitly know g(y, α) from eq.(3.15). Then, the Volterra equation (3.14) can be solved to find ∆¯dm(y, α) for y > 1.
By setting
∆¯dm(y, α) = y ddm(y, α) , (3.16)
we obtain from the Volterra equation (3.14) the Gilbert-type equation for the density fluctuations valid when the DM
particles are nonrelativistic. Notice that contrary to the original Gilbert equation only valid in the MD dominated
era, our equation is valid for all y & 0.01, z . 300000 well inside the RD era,
ddm(y, α) = g(y, α) +
6
α
∫ s(y)
s(1)
ds′
sinh2 s′
Π [α (s(y)− s′)] ddm(y(s′), α) . (3.17)
where g(y, α) is given by eqs.(3.13) and (3.15).
The memory piece in eq.(3.15) turns to be smaller than the first term aMD(y, α)/y by an order of magnitude or so
as shown by numerical calculations. In addition, for y > 1 (MD era) we can neglect the logarithmic dependence in Q
present in lNR(y,Q) eq.(3.6). We therefore have for aMD(y, α) in the MD era from eq.(3.13)
aMD(y, α) =
ξdm y
z(y)
∫ ∞
0
Q dQ
[
fdm0 (Q) c¯
0
dm(Q) + φ¯(0)
dfdm0
d lnQ
]
sin[z(y) Q] ,
where s(y) is defined by eq.(3.1) and
z(y) ≡ α
[
s(y) +
1
2
log (8 ξdm)
]
.
For thermal and Gilbert initial conditions eqs.(2.19) we can express aMD(y, α) in terms of the kernel Π(z) defined by
eq.(3.3) as
aMD(y, α)
y
= −ξdm
{[
φ¯(0) +
1
2
] [
2Π(z(y))
z(y)
+ Π′(z(y))
]
+ j
[
Π(z(y))
z(y)
− 1
2
Π′(z(y))
]}
. (3.18)
where j = 0 for thermal initial conditions and j = 1 for Gilbert initial conditions.
Eqs.(3.14) and (3.17) have the same kernel as the Gilbert equation in the DM era [11, 14] as it must be. The
inhomogeneous term g(y, α) differs to those in refs. [11, 14]: this is so because g(y, α) takes into account the memory
from the previous evolution of the fluctuations since the DM decoupling in the RD era considered here. In Appendix
III C we derive a Gilbert-type equation in the MD era from eqs.(3.13), (3.15) and (3.17) valid in the MD era. The
obtained Gilbert-type equation eq.(3.19) contains an inhomogeneous term corresponding to temperature perturbation
initial conditions plus a memory term including the contributions from the RD era.
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C. The Gilbert equation from the Volterra equation in the MD era.
Eq.(3.17) can be written as
ddm(v, α) − 6
α
∫ v
v1
dv′ y(v′) Π [α (v − v′)] ddm(v′, α) = ξdm
{[
2 φ¯(0) + 1
] [Π [α (v + v0)]
α (v + v0)
+
1
2
Π′ [α (v + v0)]
]
+
+g
[
Π [α (v + v0)]
α (v + v0)
− 1
2
Π′ [α (v + v0)]
]}
=M [y(v), α] , (3.19)
where g = 0 for thermal initial conditions (TIC) and g = 1 for Gilbert initial conditions (GIC),
v ≡ s+ 1 = 1−Arg Sinh
(
1√
y′
)
, v0 ≡ 1
2
log(8 ξdm)− 1 ≃ 4.288 . . .+ 1
2
ln
( m
keV
)
+
1
6
ln
( gd
100
)
, (3.20)
v1 = 1+ s(1) and M [y, α] stands for the memory term containing the contribution of the gravitational potential and
anisotropic stress from the RD era
M [y, α] ≡ κ
y
∫ 1
0
dy′√
1 + y′
[
Nα(y, y
′) φ¯(y′, α) +Nσα (y, y
′) σ¯(y′, α)
]
.
On the other hand, the Gilbert equation in the MD era can be written as [11, 14]
δMD(y, α)− 6
α
∫ v(y)
0
dv′ yMD(v
′) Π [α (v(y)− v′)] δMD [y(v′), α] = IL[α v(y)] , (3.21)
where L = G or T. In the notation of ref. [14] L = G or T corresponds to Gilbert or temperature perturbation initial
conditions, respectively,
IG(z) =
Π(z)
z
, IT (z) =
1
3
[
Π′(z) + 2
Π(z)
z
]
yMD(v) =
1
(1− v)2 and vMD(y) = 1−
1√
y
. (3.22)
We see comparing eqs.(3.19) and (3.21) that the inhomogeneous terms are different. The inhomogeneities in the
Gilbert equation (3.21) contain the functions IG(α v) or IT (α v) while the inhomogeneities in the Volterra equation
(3.19) contain IT [α (v + v0)] for TIC and a linear combination of IT [α (v + v0)] and IG[α (v + v0)] for GIC. Namely,
the argument v in the inhomogeneous terms containing the kernels Π and Π′ is shifted by the quantity v0 given by
eq.(3.20) (A similar shift was noticed in ref. [18]). In addition, the inhomogeneous term M [y, α], memory of the RD
era in the Volterra equation is necessarily absent in the Gilbert equation which only takes into account the MD era.
In summary, choosing TIC at decoupling in the Volterra system of equations yields TIC at y = 1 for the Gilbert
equation. On the contrary, choosing GIC at decoupling in the Volterra system of equations yields a linear combination
of TIC and GIC at y = 1 for the Gilbert equation. One can thus say that TIC are stable under the evolution of the
fluctuations.
In order to complete the comparison of eq.(3.19) in the late MD era with the Gilbert equation (3.21), notice that
v = s+ 1 = 1−Arg Sinh
(
1√
y
)
y≫1
= 1− 1√
y
and hence y(v)
y≫1
=
1
(1− v)2 as in eq.(3.22).
We conclude that the Volterra integral equation (3.19) in the MD era is very close although not identical to the
Gilbert equation in the MD era eq.(3.21). The inhomogeneity in the Volterra integral equation (3.19) for TIC has a
factor in front and its argument is shifted by the constant v0 with respect to the usual inhomogeneity in the Gilbert
equation (3.21). For GIC a linear combination of Gilbert and thermal initial conditions appear at y = 1 for the
Gilbert equation. In addition, the term M [y, α] containing the memory from the RD era is present in the Volterra
integral equation (3.19) while such term is absent in the Gilbert equation (3.21).
IV. SOLVING THE VOLTERRA EQUATION FOR THE DM DENSITY FLUCTUATIONS (WITHOUT
ANISOTROPIC STRESS)
The formulation of the cosmological fluctuations evolution in terms of Volterra equations provides an efficient
computational framework for both analytic and numerical treatment. In the following subsections we solve the
Volterra equation for DM fluctuations in the absence of neutrinos, i. e. without anisotropic stress. First, we solve
the Volterra equation numerically for a wide range of wavenumbers. Second, we find the analytic solution at zero
wavenumber.
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A. Numerical solution of the Volterra equation for a wide range of wavenumbers
In the absence of anisotropic stress the radiation fluctuations during the RD era can be treated in the fluid approx-
imation. Neglecting the DM gravitational potential in the RD era, the gravitational potential is given in the fluid
approximation by (see ref. [2] and Appendix A)
φ˘(y, α) = φ¯(y, α) = ψ˘(y, α) = 3
√
3
κ y
j1
(
κ y√
3
)
, φ˘(0, α) = 1 , (4.1)
j1(x) is the spherical Bessel function of order one. Notice that lim
x→0
j1(x)/x = 1/3 .
In the MD era we can neglect the gravitational potential produced by the radiation and take as gravitational
potential the one sourced by the DM fluctuations eq.(3.10). In the absence of anisotropic stress, the DM fluctuations
∆¯dm(y, α) from eq.(3.8) obeys the Volterra equation:
∆¯dm(y, α) = a(y, α) + y ξdm bdm(y) φ˘(y, α) + κ
∫ y
0
dy′√
1 + y′
Nα(y, y
′) φ˘(y′, α) , (4.2)
where a(y, α) is given by eq.(2.12) with φ¯(0) = 1.
We present here the numerical solution of eq.(4.2) where we smoothly match the gravitational potentials given
by eqs.(4.1) and (3.10). The full numerical analysis of the system of Volterra equations (2.5)-(2.6) including the
anisotropic stress will be the subject of future work where we will also compare our approach with the numerical
solution of the ODE hierarchy of B-V equations [3]-[4].
For y & 0.01 the DM particles become nonrelativistic eq.(4.2) simplifies and takes the form of eq.(3.17)
ddm(y, α) = h(y, α) +
6
α
∫ s(y)
s(1)
ds′
sinh2 s′
Π [α (s(y)− s′)] ddm(y(s′), α) , d(y, α) ≡ ∆¯dm(y, α)
y
, (4.3)
where lNR(y,Q) is defined by eq.(3.6),
h(y, α) ≡ a
MD(y, α)
y
+
κ
y
∫ 1
0
dy′√
1 + y′
Nα(y, y
′) φ˘(y′, α) (4.4)
and we have neglected the memory piece from the DM fluctuations in the UR regime but kept the gravitational
potential of the photons which is dominant. Eq.(4.3) is a closed integral equation of Volterra type that determines
approximately d(y, α). We have checked numerically that eq.(4.3) reproduces the solutions of the full Volterra equation
(4.2) within a few percent.
From the numerical resolution of the Volterra equation (4.2) we find the normalized density contrast
δ˘(y, α) ≡ δ(y, α)
δ(0, α)
= − 1
2 Idm3
∆¯dm(y, α)
y + 1
, δ(0, α) = −2 I
dm
3
ξdm
, δ˘(0, α) = 1 . (4.5)
The density contrast δ(y, α) is given by eq.(1.2) and eq.(4.36) in ref. [1].
We depict in fig. 2 the logarithm of the absolute value of the normalized density contrast for fermions with
ξdm = 5000 which corresponds to DM fermions in thermal equilibrium with m = 0.6736 keV and sterile neutrinos in
the DW model with m = 1.685 keV (both models yield identical density fluctuations for a given value of ξdm). In
both cases we used thermal initial conditions.
The density contrast generically grows with y for fixed α < 1 while it exhibits oscillations starting in the RD era
for α > 1 which become stronger as α grows (see fig. 2). As expected, the Jeans’ unstability makes the density
contrast proportional to y (to the scale factor) at sufficiently late times. The larger is α, the later starts δ(y, α) to
grow proportional to y (see fig. 2). Also, the larger is α > 1, the later the oscillations remain.
There exists a value α = αc ≃ 0.1 determining the transition between two regimes. We separately display the plots
corresponding to α < αc and α > αc. We find that for α < αc and fixed y, δ˘(y, α) increases for increasing α while
the opposite happens for α > αc. Namely, δ˘(y, α) at fixed y decreases for increasing α. We see from fig. 2 that the
curves for log10 |δ˘(y, α)| vs. log10 y keep bending for decreasing α→ 0 towards the α = 0 curve. [The α = 0 curve is
obtained analytically in eqs.(4.8) and (4.17) below].
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In figs. 2 we see that for both α < αc and α > αc varying α shifts the curves δ˘(y, α) vs. y with respect to each
other but keeping their form essentially unchanged. This property indicates that δ˘(y, α) mainly depends on α and y
through the product α y, namely in a selfsimilar manner.
We have computed δ˘(y, α) in the χ-model for sterile neutrinos and found curves quite similar to the thermal case
fig. 2.
B. Analytic solution of the Volterra equation at zero wavenumber
At α = 0 (that is, k = 0), the Volterra equation (4.2) (zero anisotropic stress) can be solved in close form since
from eq. (2.14) its kernel vanishes: Nα=0(y, y
′) = 0.
The inhomogeneous term a(y, 0) in the Volterra equation (4.2) becomes using eq.(2.12)
a(y, 0) = − y ξdm bdm(y) +
∫ ∞
0
Q2 dQ ε(y,Q) fdm0 (Q) c¯
0
dm(Q) , (4.6)
Therefore, the Volterra equation (4.2) at α = 0 simply relates the DM density fluctuations in terms of the gravitational
potential as
∆¯dm(y, 0) =
∫ ∞
0
Q2 dQ ε(y,Q) fdm0 (Q) c¯
0
dm(Q) + y ξdm bdm(y)
[
φ˘(y, 0)− 1
]
. (4.7)
More explicitly, for thermal (TIC) and Gilbert (GIC) initial conditions eq.(2.19), ∆¯dm(y, 0) takes the form
∆¯dm(y, 0) =


y ξdm bdm(y)
[
φ˘(y, 0)− 32
]
for TIC ,
−2 ∫∞0 Q2 dQ ε(y,Q) fdm0 (Q) + y ξdm bdm(y) [φ˘(y, 0)− 1] for GIC .
(4.8)
We can obtain φ˘(y, 0) solving the hydrodynamic equations for the radiation fluctuations (1.8)-(1.9) together with the
linearized Einstein equations for the gravitational potential in the k → 0 limit
−k2 φr(η,~k) = 16 π G a2(η) ργ(η)
[
Θr,0(η,~k) +
3
k
h(η) Θr,1(η,~k)
]
, (4.9)
3 h(η)
∂φ
∂η
+ k2 φ(η,~k) + 3 h2(η) ψ(η,~k) = −4 π G a2(η)
[
4 ρr(η) Θr,0(η,~k) + ρdm(η) δdm(η,~k)
]
, (4.10)
where φr(η,~k) stands for the radiation contribution to the gravitational potential and ρdm(η) δdm(η,~k) for the DM
fluctuations. Eq.(4.10) can be written in dimensionless variables as
y [1 +R0(y)] dφ¯
dy
+
1
3
(κ y)
2
φ¯(y, α) + [1 +R0(y)] ψ˘(y, α) = −2 Θ¯r,0(y, α)− 1
2
R0(y) δ¯dm(y, α) , (4.11)
where R0(y) is defined in eqs.(2.24)-(2.25) and we used eq.(A3).
Since the left hand side of eq.(4.9) vanishes at k = 0 we have
Θr,1(η,~k)
k→0
= − k
3 h(η)
Θr,0(η,~k) +O(k3) . (4.12)
We neglect radiation momenta higher than l = 1 thus neglecting the anisotropic stress and set ψ(η,~k) = φ(η,~k).
We have from eq.(1.8) in the k → 0 limit
Θr,0(η, 0)− φ(η, 0) = c (4.13)
where c is a constant.
The initial values ψ(0, ~k) and Θr,0(0, ~k) are related by the η → 0 limit of eq.(4.10) as
ψ(0, ~k) = −2 Θr,0(0, ~k) , (4.14)
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FIG. 2: The ordinary logarithm of the normalized density contrast δ˘(y, α) vs. log10 y from the numerical resolution of the
Volterra equation (4.2) for DM fermions in thermal equilibrium with m = 0.6736 keV and for sterile neutrinos in the DW model
with m = 1.685 keV. (Both models yield identical density fluctuations for a given value of ξdm). There is a value α = αc ≃ 0.1
determining the transition between two regimes. We separately display the plots corresponding to α < αc and α > αc. We see
that for α < αc and fixed y, δ˘(y,α) increases for increasing α while the opposite happens for α > αc. δ˘(y, α = 0) is plotted
from the analytic solution eq.(4.8)-(4.17) for TIC. We see that the different curves have essentially the same shape and are
shifted from each other in an almost selfsimilar manner indicating that δ˘(y, α) is mainly a function of κ y. δ˘(y, α) generically
grows with y for fixed α < 1 while it exhibits oscillations starting in the RD era for α > 1 which become stronger as α grows.
δ˘(y,α) becomes proportional to y at sufficiently late times. The larger is α, the later starts δ(y, α) to grow proportional to y
and the later the oscillations remain.
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up to small 1/ξdm corrections. We thus find from eqs.(4.13) and (4.14),
c = −3
2
φ(0, 0) = 3 Θr,0(0, 0) . (4.15)
Inserting eqs.(4.12) and (4.13) in eq.(1.9) yields
d
dη
[
Θr,0
h(η)
]
+ 2 Θr,0(η, 0) = c ,
which in terms of the variable y becomes
y
dΘr,0
dy
+
[
3− y
2 [R0(y) + 1]
dR0(y)
dy
]
Θr,0(y) = c .
This first order differential equation can be resolved with the explicit solution
Θr,0(y) = Θr,0(0)
2
5 y3
[
3 y3 − y2 + 4 y + 8
(
1−
√
y + 1
)]
, (4.16)
up to small corrections of the order 1/ξdm because we set here R0(y) = y [see eqs.(2.24)-(2.25)].
Then, the gravitational potential follows from eqs.(4.13) and (4.15) and we recover the known expression [2]
φ˘(y, 0) =
φ(y, 0)
φ(0, 0)
=
3
2
− Θr,0(y)
2 Θr,0(0)
=
1
10 y3
[
9 y3 + 2 y2 − 8 y + 16
(√
y + 1− 1
)]
. (4.17)
For zero or small redshift, eq.(4.17) becomes
φ˘(y, 0)
y≫1
=
9
10
+
1
5 y
+O
(
1
y2
)
. (4.18)
It must be noticed that the known expression eq.(4.17) for the superhorizon gravitational potential (see for example
ref. [2]) follows here solely from the hydrodynamic equations for the radiation (1.8)-(1.9) combined with eq.(4.12).
[Eq.(4.12) follows from the first linearized Einstein equation (4.9) in the k → 0 limit]. Namely, φ˘(y, 0) and Θ¯r,0(y, 0)
are obtained without specifying the sources of the DM and radiation fluctuations.
We can find the matter source of the superhorizon gravitational potential φ˘(y, 0) by inserting eq.(4.17) in the left
hand side of eq.(4.10) for ψ(η,~k) = φ(η,~k) and k = 0. We obtain using the dimensionless variable y
[1 +R0(y)]
[
y
d
dy
+ 1
]
φ˘(y, 0) = −
[
2 + 2 R0(y)− y
2
dR0(y)
dy
]
Θ¯r,0(y, 0) , (4.19)
Contrasting eq.(4.19) with eq.(4.11) and using eq.(2.25) implies a DM source
δ¯dm(y, 0) =
(
4− d lnR0
d ln y
)
Θ¯r,0(y, 0) =


4 Θ¯r,0(y, 0) for ξdm y . 1 ,
3 Θ¯r,0(y, 0) for ξdm y & 1 .
(4.20)
That is, combining the linearized Einstein equations with the hydrodynamic equations for the radiation requires for
consistency a precise relation between the dark matter and radiation fluctuations. This is a consequence of the fact
that the Einstein equations constrain their sources as was first noticed in ref. [16] in a completely different context.
Inserting eq.(4.18) into eq.(4.8) yields for the DM density fluctuations today
∆¯dm(y, 0)
y≫1
= −ξdm y


9
5
− 3
5 y
[
1 +O
(
1
y
)]
for TIC ,
23
10
− 3
5 y
[
1 +O
(
1
y
)]
for GIC .
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FIG. 3: The transfer function today T (γ) vs. γ =
√
Idm
4
3
α for ξdm = 5000. The (red) solid line curve is for DM fermions in
thermal equilibrium with m = 0.6736 keV and sterile neutrinos out of equilibrium in the DW model with m = 1.685 keV. The
(blue) dotted line corresponds to sterile neutrinos out of equilibrium in the χ-model with m = 0.7203 τ−1/4 keV where τ is a
coupling constant [see eq.(5.1)]. That is, 0.9365 < m/keV < 1.665 [see eq.(5.4)]. γ is defined by eq.(4.23). The presence here
of a single maximum at γ = γc ≃ 0.2 is consistent with the curves for δ˘(y,α) and the value of αc in figs. 2. Notice that the
two transfer functions turn out to be very similar although they describe quite different dynamics.
The normalized density contrast eq.(4.5) becomes today and for zero wavenumber,
δ˘(y, 0)
y≫1
=
ξdm
10 Idm3


9
[
1 +O
(
1
y
)]
for TIC ,
23
2
[
1 +O
(
1
y
)]
for GIC .
(4.21)
We depict log10 |δ˘(y, 0)| vs. log10 y in fig. 2 for TIC. Fig. 2 exhibits this constant behaviour in δ˘(y, 0) for large y.
C. The transfer function for the density contrast
The transfer function at redshift z can be defined as the density contrast at redshift z ≥ 0 normalized by its initial
value and then normalized by the whole expression at k = 0. That is,
T (y, α) ≡ δ˘(y, α)
δ˘(y, 0)
, T (y, 0) = 1 .
The transfer function today becomes
T (α) = lim
y≫1
T (y, α) =
10 Idm3
9 ξdm
δ˘(y, α) for TIC and T (α) =
20 Idm3
23 ξdm
δ˘(y, α) for GIC , T (0) = 1 , (4.22)
and we used eq.(4.21).
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We plot in fig. 3 the zero redshift transfer function T (γ) vs. γ for ξdm = 5000 and TIC. The (red) solid line curve
is for DM fermions decoupling in thermal equilibrium with m = 0.6736 keV and sterile neutrinos out of equilibrium
in the DW model with m = 1.685 keV. The (blue) dotted line corresponds to sterile neutrinos out of equilibrium in
the χ-model with m = 0.7203 τ−1/4 keV. That is, 0.9365 < m/keV < 1.665 [see eq.(5.4)]. The variable γ is defined as
γ ≡ α
√
Idm4
3
. (4.23)
We find that the transfer functions have a single maximum at αc consistent with the behaviour of δ˘(y, α) in figs. 2.
Notice that T (γ) grows fast with γ for 0 < γ < γc as we see from fig. 3. Previous calculations of the transfer
function in refs. [12, 13] and with better precision in ref. [14] only exhibit the portion of T (γ) where it decreases with
γ.
The transfer function computed solely in the MD era monotonically decreases with γ for growing γ ≥ 0 [2, 14]. The
new piece of T (γ) increasing with γ for 0 < γ < γc comes from the behaviour of the DM fluctuations in the RD era
computed here. αc and γc correspond here to a wavenumber kc ≃ 1.6/Mpc.
The transfer function for DM fermions decoupling in thermal equilibrium and for sterile neutrinos out of equilibrium
in the χ-model turn out to be very similar as seen from fig. 3.
V. FERMIONS IN THERMAL EQUILIBRIUM AND STERILE NEUTRINOS OUT OF EQUILIBRIUM
The sterile neutrino is a serious candidate for WDM [5, 6, 21]. The freezed out distribution of sterile neutrinos turns
to be out of thermal equilibrium in most models [22]. We consider here two sterile neutrino models for illustration.
The Dodelson-Widrow model (DW) [5] and the χ model of ref. [21].
The freezed-out DM distributions are given by
DW model : fDW0 (Q) =
f0
m
1
eq/T + 1
, f0 ≃ 0.043 keV , χ model : fχ0 (Q) = τ fdm0 (Q) , 0.035 . τ . 0.35 ,
(5.1)
where τ is a coupling constant and the normalized DM distribution function for the χ model [9, 23] takes the form
fdm0 (Q) =
4
3 ζ(5)
√
π Q
∞∑
n=1
e−nQ
n
5
2
. (5.2)
The normalized DM distribution in the DW model [5] is identical to the normalized Fermi-Dirac distribution
fdm0 (Q) =
2
3 ζ(3)
1
eQ + 1
. (5.3)
The simple formula eqs.(5.1)-(5.3) for the DW freezed-out distributions were given in [5] and are widely used in the
literature. A more sophisticated freezed-out distribution is derived in ref. [24].
We plot in fig. 4 the normalized distribution functions fdm0 (Q) for fermions in thermal equilibrium (which is
identical to the DW model) and for sterile neutrinos out of thermal equilibrium in the χ model.
We find from eqs.(2.3) and (5.1) the values for the parameters ξdm and Ndm in the three DM fermion models
considered here:
ξFDdm = 6721 (gdm)
1
3
( m
keV
) 4
3
, ξDWdm = 2355 (gdm)
1
3
m
keV
, ξχdm = 6146 (gdm τ)
1
3
( m
keV
) 4
3
,
NFDdm = 1.805 , N
DW
dm = 0.07765
keV
m
, Nχdm = 1.380 τ . (5.4)
Notice that the out of thermal equilibrium distribution is larger than the equilibrium distribution for small momenta
Q . 2 while the opposite happens for Q & 2. This can be explained by the general mechanism of thermalization:
the momentum cascade towards the ultraviolet [25]. The distributions out of equilibrium therefore display larger
occupation at low momenta and smaller occupation at large momenta than the equilibrium distribution.
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Thermal FD and DW χ model
Idmn =
2
3 ζ(3)
(1− 2−n) n! ζ(n+ 1) Idmn = 4
3 ζ(5)
√
pi
Γ
(
n+
1
2
)
ζ(n+ 3)
TABLE III: The normalized momenta Idmn defined by eq.(1.3). Notice that I
dm
2 ≡ 1.
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FIG. 4: The ordinary logarithm of the normalized distribution functions fdm0 (Q) vs. Q for fermions at thermal equilibrium
(which is identical to the out of thermal equilibrium DW model) and for sterile neutrinos out of thermal equilibrium in the χ
model.
We display in Table III the momenta Idmn defined by eq.(1.3) for the normalized DM distributions considered in
this paper.
For fermions decoupling ultrarelativistically at thermal equilibrium (and in the DW model of sterile neutrinos) the
normalized freezed out distribution function is given by eq.(5.3), and the kernel Π(x) for the non-relativistic regime
eq.(3.3) can be expressed as
ΠFD(x) =
4 x
3 ζ(3)
∞∑
n=1
(−1)n+1 n
(n2 + x2)2
.
This kernel decreases for large argument x as
ΠFD(x)
x→∞
=
1
3 ζ(3) x3
+O
(
1
x5
)
.
For sterile neutrinos out of thermal equilibrium in the χ model the kernel Π(x) for the non-relativistic regime eq.(3.3)
can be expressed as
Πχ(x) =
√
2
3 ζ(5)
∞∑
n=1
√
(n2 + x2)
3
2 + 3 n x2 − n3
n
5
2 (n2 + x2)
3
2
. (5.5)
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This kernel decreases for large argument x as
Πχ(x)
x→∞
=
√
2 ζ(5/2)
3 ζ(5)
1
x3/2
+O
(
1
x5/2
)
.
We plot ΠFD(x) and Πχ(x) as functions of x in fig. 5.
Πχ(x) has a longer tail than ΠFD(x) due to the higher occupancy of the low Q modes in the out of equilibrium
momentum distribution. The out of equilibrium kernel Πχ(x) therefore exhibits a longer memory than ΠFD(x).
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FIG. 5: The kernel Π(x) defined by eq.(3.3) as a function of x for fermions in thermal equilibrium (which is identical to the
DW model) and for sterile neutrinos out of thermal equilibrium in the χ model.
VI. VOLTERRA INTEGRAL EQUATIONS FOR COLD DARK MATTER
All the framework of this paper easily generalizes to cold dark matter (CDM), that is DM particles with mass
beyond one GeV that decouples nonrelativistically. For CDM the parameter ξdm is much larger than for WDM.
Typically,
ξcdm =
m aeq
Td
= 1011
m
100 GeV
5 GeV
Td,phys
where we take 5 GeV as reference value for the physical decoupling temperature Td,phys of CDM. Other values for
Td,phys appears in the literature according to the particle physics model chosen but ξcdm turns out to be very large
in all cases (and much larger than for WDM where ξwdm ∼ 5000).
CDM decouples being (by definition) nonrelativistic thus we have at decoupling ε(yd, Q) = ξcdm yd ≫ 1. In
addition, we have for the ratio of cdm to radiation densities R0(y) = y at all times after decoupling.
CDM decouples at thermal equilibrium with a normalized Boltzmann distribution function [9, 10]
f cdm0 (Q) =
√
2
π
e−Q
2/(2x)
x
3
2
where x ≡ ξcdm yd ≫ 1 . (6.1)
For DM particles decoupling nonrelativistic we have instead of eq.(2.1) for DM decoupling ultrarelativistic,
∆¯dm(y, κ) = ξcdm y
∫
d3Q
4 π
fdm0 (Q)
Ψdm(y, ~Q,~κ)
ψ(yd, ~κ)
, (6.2)
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and therefore at the initial (decoupling) time y = yd
∆¯dm(yd, κ) = x
∫ ∞
0
Q2 dQ fdm0 (Q) c¯
0
dm(Q) , (6.3)
where we used the initial conditions for the BV distribution function discussed in ref.[1]
Ψdm(yd, ~Q,~κ) = ψ(yd, ~κ) c¯
0
dm(q) .
From eqs.(2.19) and (6.3) we find as initial CDM fluctuations for TIC
∆¯cdm(yd, κ) =
1
2
ξcdm yd
∫ ∞
0
Q3 dQ
dfdm0
dQ
= −3
2
x .
For CDM the free-streaming distance is defined similarly to eq.(1.7) as∫ y
yd
dy′√
(1 + y′)
[
y′2 + (Q/ξcdm)
2
] ≃
∫ y
yd
dy′
y′
√
1 + y′
= lcdm(y) , thus, lcdm(y) = ln
(
4
yd
)
+ 2 s(y) . (6.4)
The free-streaming distance turns to be independent of Q as it should be because CDM particles are very slow.
Let us consider zero anisotropic stress here, for simplicity. Thus, the evolution of the CDM fluctuations is given by
the single Volterra equation (4.2). Since CDM particles are always nonrelativistic with ξcdm y ≫ 1 the coefficients
and kernel in eq.(4.2) take the form
acdm(y, α) =
2 ξcdm y
α l(y)
∫ ∞
0
Q dQ
[
fdm0 (Q) c¯
0
dm(Q) +
dfdm0
d lnQ
]
sin
[α
2
Q l(y)
]
,
bcdm(y) = 3 , Nα(y, y
′) = −(ξcdm)2 y y′ Π [α (s(y)− s(y′))] , (6.5)
where we used eqs.(2.12), (2.13), and (3.2). The Volterra integral equation for CDM takes thus a form similar to
eq.(4.2) for WDM
∆¯cdm(y, α) = acdm(y, α) + 3 ξdm y φ˘(y, α) + κ
∫ y
yd
dy′√
1 + y′
Nα(y, y
′) φ˘(y′, α) and also (6.6)
∆¯cdm(y, α) = acdm(y, α) + 3 ξdm y φ˘(y, α)− 2 (ξcdm)2 κ y
∫ s(y)
s(yd)
ds′
sinh4 s′
Π [α (s(y)− s′)] φ˘(y′ = 1
sinh2 s′
, α) .
At y = yd, lcdm(yd) = 0 and eqs.(6.3) and (6.5) yield
acdm(yd, α) = ∆¯cdm(yd, κ)− 3 x .
Therefore, the Volterra equation (6.6) is identically satisfied at y = yd since φ˘(yd, α) = 1.
The whole section IVB translates to the CDM case. Since for CDM ξcdm y ≫ 1 eq.(4.20) results for all y
δ¯cdm(y, 0) = 3 Θ¯r,0(y, 0) ,
as it must be.
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Appendix A: The gravitational potential in the RD era
During the RD era the gravitational potential φ(η, ~α) is dominated by the radiation (photons and neutrino) fluctu-
ations. Neglecting the anisotropic stress, the following equations relate the gravitational potential with the first two
radiation momenta [2, 3]
−k2 φ(η, ~α) = 16 π G a2(η) ρr(η)
[
Θr,0(η, ~α) +
3
k
h(η) Θr,1(η, ~α)
]
,
dΘr,0
dη
+ k Θr,1(η, ~α) =
dφ
dη
,
dΘr,1
dη
− k
3
Θr,0(η, ~α) =
k
3
φ(η, ~α) . (A1)
Here Θr,0(η, ~α) and Θr,1(η, ~α) are the first two momenta of the radiation temperature field
Θr,0(η, ~α) = Rγ(η) Θ0(η, ~α) +Rν(η) N0(η, ~α) and N0(η, ~α) =
1
4 Iν3
∆¯ν(y, κ) φ(0, ~α) .
The infinite hierarchy of equations arising from the Boltzmann-Vlasov equation for radiation and matter, has been
truncated to the first two equations [2, 3]. h(η) = d ln a/dη stands for the Hubble parameter and ρr(η) = Ωr ρc/a
4(η)
for the radiation density.
Eliminating Θr,0(η, ~α) among eqs.(A1) yields
d
dη
[h(η) Θr,1(η, ~α)]− k
2
3
Θr,1(η, ~α)− k
3
dφ
dη
(η, ~α)− k
2
48 π G
d
dη
[
φ(η, ~α)
a2(η) ρr(η)
]
= 0 ,
dΘr,1
dη
+ h(η) Θr,1(η, ~α) +
k
3
[
1− k
2
16 π G a2(η) ρr(η)
]
φ(η, ~α) = 0 . (A2)
It is convenient to use the variable y defined in eq.(1.1) instead of the conformal time η. We find in terms of y
a2(η) ρr(η) =
3
8 π G
1
η∗2 y2
(A3)
and eqs.(A2) read
dΘr,1
dy
− 1
1 + y
(
1
y
+
1
2
+
κ2
3
y
)
Θr,1(y, ~α) =
κ
3
√
1 + y
[(
1 +
κ2 y2
6
)
y
d
dy
+
κ2 y2
3
]
φ(y, ~α) ,
dΘr,1
dy
+
1
y
Θr,1(y, ~α) = − κ
3
√
1 + y
(
1− κ
2 y2
6
)
φ(y, ~α) . (A4)
Eliminating now Θr,1(η, ~α) we have
2
y
(
1 +
3
4
y +
κ2 y2
6
)
Θr,1(y, ~α) +
κ
3
√
1 + y
(
1 +
κ2 y2
6
)[
1 + y
d
dy
]
φ(y, ~α) = 0 . (A5)
Taking the y derivative of this equation and replacing dΘr,1(y, ~α)/dy and Θr,1(y, ~α) from eqs.(A4) and (A5) respec-
tively, we get the second order differential equation for the gravitational potential φ(η, ~α):
d2φ
dy2
+
2
y
Rκ(y)
dφ
dy
+
2
y2
Sκ(y) φ(y, ~α) = 0 , (A6)
where,
Rκ(y) ≡ 1 + y
4 (1 + y)
+
κ2 y2/6
1 + κ2 y2/6
+
1 + 38 y
1 + 34 y + κ
2 y2/6
Sκ(y) ≡ κ
2 y2/6
1 + κ2 y2/6
+
1 +
3
8
y
1 +
3
4
y + κ2 y2/6
−
1 +
y
2
(
1− κ2 y2/6)− κ4 y4/36
(1 + y)
(
1 + κ2 y2/6
) . (A7)
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FIG. 6: The gravitational potential φ˘(y, α) and φ0(y, α) vs. log10 ζ for α = 0.1, 1 and 10 defined by eqs. (A8) and (A9). We
see that φ0(ζ) is a very good approximation to φ˘(y,α) in the whole range of ζ.
In the radiation dominated era and for κy ≫ 1 this equation reduces to
d2φ
dy2
+
4
y
dφ
dy
+
1
3
κ2 φ(y, ~α) = 0
whose solution in terms of Bessel functions is given by eq.(4.1).
We solve numerically eq.(A6) both in the radiation dominated and in the matter dominated eras. We plot in fig.
6 the normalized gravitational potential
φ˘(y, α) ≡ φ(y, ~α)
φprim(~α)
, φ˘(0, α) = 1 , (A8)
as a function of log10 ζ for α = 0.1, 1 and 10 as well as the function
φ0(ζ) ≡ 3 j1 (ζ)
ζ
, ζ =
κ y√
3
, φ0(0) = 1 . (A9)
We see from fig. 6 that the function φ0(ζ) is a very good approximation to φ˘(y, α).
Appendix B: The free-streaming length in the different regimes.
We evaluate now the integral eq.(1.7)
l(y,Q) =
∫ y
0
dy′√
(1 + y′)
[
y′2 + (Q/ξdm)
2
] , (B1)
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in the different regimes depicted in Table III. This is an elliptic integral that can be expressed in terms of the standard
incomplete elliptic integrals of first kind [19]
l(y,Q) =
[
1 +
(
Q
ξdm
)2]− 14
[F (ϕ(0), pˆ)− F (ϕ(y), pˆ)] , (B2)
where
2 pˆ2 = 1 +
1√
1 + (Q/ξdm)
2
,
2
sinϕ(y)
=
[
1 + (Q/ξdm)
2
] 1
4
√
1 + y
+
√
1 + y[
1 + (Q/ξdm)
2
] 1
4
Taking into account that ξdm ∼ 5000≫ 1 we can express this integral quite acurately in terms of elementary functions.
• For y < 0.01≪ 1 we can expand 1/√1 + y′ in eq.(B1) in powers of y′ and obtain
l(y,Q) = ξdm
∫ y
0
dy′√
Q2 + (ξdm)2 y′2
[
1− 1
2
y′ +
3
8
y′2 +O (y′3)] =
=
[
1− 3
16
(
Q
ξdm
)2]
Arg Sinh
(
ξdm y
Q
)
− 1
2

(1− 3
8
y
)√
y2 +
(
Q
ξdm
)2
− Q
ξdm

+O(y3) . (B3)
Notice that in this range of y and for typical Q ∼ 1 the arguments in eq.(B3) can go from Q ≫ ξdm y till
Q≪ ξdm y. In the case ξdm y ≪ Q≪ ξdm this formula simplifies as
l(y,Q) ≃ ξdm y
Q
.
• For y > 0.01 it is convenient to split the integral eq.(B1) in two pieces:
l(y,Q) = l(∞, Q)− ξdm
∫ ∞
y
dy′√
(1 + y′)[Q2 + (ξdm)2 y′2]
, (B4)
where
l(∞, Q) = ξdm
∫ ∞
0
dy√
(1 + y)[Q2 + (ξdm)2 y2]
.
In order to obtain the asymptotic expansion of l(∞, Q) for Q/ξdm → 0 it is convenient to change the integration
variable as
y = t− 1−
(
Q
2 ξdm
)2
1
t− 1 ,
and l(∞, Q) becomes
l(∞, Q) =
∫ ∞
1+ Q
2 ξdm
dt√
t (t− 1)
1√
1− (Q/ξdm)
2
4 t (t− 1)
. (B5)
Expanding the integrand of eq.(B5) in powers of (Q/ξdm)
2 and integrating term by term yields the asymptotic
expansion
l(∞, Q) =
[
1− 3
16
(
Q
ξdm
)2]
log
(
8 ξdm
Q
)
+
1
2
Q
ξdm
+
7
16
(
Q
ξdm
)2
+O
([
Q
ξdm
]3)
. (B6)
The integral in the second term of eq.(B4) is evaluated by expanding the integrand in powers of (Q/ξdm)
2
ξdm
∫ ∞
y
dy′√
(1 + y′)[Q2 + (ξdm)2 y′2]
=
∫ ∞
y
dy′
y′
√
1 + y′
− 1
2
(
Q
ξdm
)2 ∫ ∞
y
dy′
y′3
√
1 + y′
+O
([
Q
ξdm
]3)
=
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= 2
[
1− 3
16
(
Q
ξdm
)2]
Arg Sinh
(
1√
y
)
+
1
8
(
Q
y ξdm
)2 [
3 y
√
1 + y + y + 2
]
+O
([
Q
ξdm
]3)
. (B7)
Collecting together eqs.(B4), (B6) and (B7) yields
l(y,Q) =
[
1− 3
16
(
Q
ξdm
)2] [
log
(
8 ξdm
Q
)
− 2Arg Sinh
(
1√
y
)]
+
+
1
2
Q
ξdm
+
7
16
(
Q
ξdm
)2
− 1
8
(
Q
y ξdm
)2 [
3 y
√
1 + y + y + 2
]
+O
([
Q
ξdm
]3)
. (B8)
• For y ≫ 1, eq.(B8) becomes
l(y,Q) ≃ log
(
8 ξdm
Q
)
+
1
2
Q
ξdm
− 2√
y
+O
([
Q
ξdm
]2
log
(
8 ξdm
Q
))
.
We have thus derived the four entries for l(y,Q) in Table III.
Moreover, ref. [20] provides asymptotic expressions for the incomplete elliptic integral of first kind F (ϕ(y), k) valid
for k′2 ≪ 1 (therefore Q≪ ξdm) which are uniform in ϕ. The first order asymptotic expression takes the form [20]
F1(ϕ(y), k) =
[
1 +
1
8
(
1− 1
p
)]
log
∣∣∣∣
√
u+
√
p√
u−√p
∣∣∣∣− 12
(√
u
p
+
√
p
u
)
log

1
2
+
√
y2 + (Q/ξdm)
2
2 |u− p|

 ,
p ≡
√
1 + (Q/ξdm)
2
, u ≡ 1 + y . (B9)
We display in fig. 1 l(y,Q) for Q = 0.1, 1 and 10. Large values of Q get suppressed in the integrals by the decrease
of the distribution function fdm0 (Q).
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